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Abstract
In this article, we calculate the B∗c → Bc electromagnetic form-factor with the three-point
QCD sum rules, then study the radiative decays B∗±c → B
±
c γ. Experimentally, we can study
the radiative transitions using the decay cascades B∗±c → B
±
c γ → J/ψℓ
±ν¯ℓγ → µ
+µ−ℓ±ν¯ℓγ
in the future at the LHCb.
PACS number: 13.20.Gd
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1 Introduction
The ground state bottom-charm mesons, which lie below the BD, BD∗, B∗D, B∗D∗ thresholds,
cannot annihilate into gluons due to their flavor composing, and decay weakly through b¯→ c¯W+,
c → sW+, cb¯ → W+ or decay radiatively through b → bγ, c → cγ at the quark level. The
pseudoscalar mesons B±c decay weakly and have measurable lifetime, while the radiative transitions
B∗±c → B
±
c γ saturate the widths of the vector mesons B
∗±
c . Experimentally, the semileptonic
decays B±c → J/ψℓ
±ν¯ℓ, B
+
c → J/ψe
+ν¯e were used to measure the Bc lifetime and the hadronic
decays B±c → J/ψπ
± were used to measure the Bc mass [1]. The B
∗±
c mesons have not been
observed yet, but they are expected to be observed at the large hadron collider (LHC) through the
radiative transitions. In the article, we calculate the B∗c → Bc electromagnetic form-factor with
the three-point QCD sum rules, and study the radiative decays B∗±c → B
±
c γ.
The QCD sum rules is a powerful nonperturbative approach in studying the heavy quarkonium
states, and has given many successful descriptions of the masses, decay constants, form-factors,
strong coupling constants [2, 3, 4]. The weak form-factors Bc → J/ψ, ηc, χc0, χc1, hc, B, Bs, D,
Ds , B
∗, B∗s , D
∗, D∗s , Ds1, etc, have been studied extensively with the three-point QCD sum rules
[5, 6, 7, 8, 9], and the corresponding semileptonic decay widths have also been studied. In previous
work, we calculate the B∗c → ηc form-factors with the three-point QCD sum rules, and study the
semileptonic decays B∗c → ηcℓν¯ℓ [10]. The tiny decay widths are consistent with the expectation
that the radiative transitions B∗±c → B
±
c γ have the dominant branching fractions. In the past
years, the radiative transitions B∗±c → B
±
c γ have been studied by the (non-) relativistic potential
models [11, 12, 13, 14, 15]. It is interesting to make prediction based on the nonperturbative
method of QCD.
The article is arranged as follows: we study the B∗c → Bc electromagnetic form-factor using the
three-point QCD sum rules in Sect.2; in Sect.3, we present the numerical results and discussions;
and Sect.4 is reserved for our conclusions.
2 The B∗c → Bc electromagnetic form-factor with QCD sum
rules
We study the B∗c → Bc electromagnetic form-factor with the three-point correlation function
Πµν(p1, p2),
Πµν(p1, p2) = i
2
∫
d4xd4yeip2·x−ip1·y〈0|T {J5(x)jµ(0)J
†
ν(y)}|0〉 , (1)
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where
jµ(0) = ebb¯(0)γµb(0) + ecc¯(0)γµc(0) ,
J5(x) = c¯(x)iγ5b(x) ,
Jν(y) = c¯(y)γνb(y) , (2)
the jµ(0) is the electromagnetic current, the electric charges eb = −
1
3 and ec =
2
3 , the currents
J5(x) and Jν(y) interpolate the pseudoscalar and vector Bc mesons, respectively.
We can insert a complete set of intermediate hadronic states with the same quantum numbers
as the current operators J5(x) and J
†
ν (y) into the correlation function Πµν(p1, p2) to obtain the
hadronic representation [2, 3]. After isolating the ground state contributions come from the heavy
mesons B∗c and Bc , we get the following result,
Πµν(p1, p2) =
〈0|J5(0)|Bc(p2)〉〈Bc(p2)|jµ(0)|B
∗
c (p1)〉〈B
∗
c (p1)|J
†
ν (0)|0〉
(M2Bc − p
2
2)(M
2
B∗c
− p21)
+ · · · ,
= −
fBcM
2
Bc
fB∗cMB∗c V (q
2)
(mb +mc)(MB∗c +MBc)(M
2
B∗c
− p21)(M
2
Bc
− p22)
ǫµναβp
α
1 p
β
2 + · · · , (3)
where we have used the following definitions for the B∗c → Bc electromagnetic form-factor and
weak decay constants of the vector meson B∗c and pseudoscalar meson Bc,
〈Bc(p2)|jµ(0)|B
∗
c (p1)〉 = ǫµναβε
νpα1 p
β
2
V (q2)
MB∗c +MBc
, (4)
〈0|Jµ(0)|B
∗
c (p1)〉 = fB∗cMB∗c εµ ,
〈0|J5(0)|Bc(p2)〉 =
fBcM
2
Bc
mb +mc
, (5)
qµ = (p1 − p2)µ, the εµ is the polarization vector of the B
∗
c meson.
Now, we briefly outline the operator product expansion for the correlation function Πµν(p1, p2).
We contract the quark fields in the correlation function Πµν(p1, p2) with Wick theorem firstly,
Πµν(p1, p2) =
∫
d4xd4yeip2·x−ip1·y
{
ebTr
[
iγ5B
mn(x)γµB
nk(−y)γνC
km(y − x)
]
+ecTr
[
iγ5B
mn(x− y)γνC
nk(y)γµC
km(−x)
]}
, (6)
replace the c and b quark propagators Cij(x) and Bij(x) with the corresponding full propagators
Sij(x),
Sij(x) =
i
(2π)4
∫
d4ke−ik·x
{
δij
6k −mQ
−
gsG
n
αβt
n
ij
4
σαβ(6k +mQ) + (6k +mQ)σ
αβ
(k2 −m2Q)
2
+
δij〈g
2
sGG〉
12
mQk
2 +m2Q 6k
(k2 −m2Q)
4
+ · · ·
}
, (7)
where Q = c, b, tn = λ
n
2 , the λ
n are the Gell-Mann matrixes, the i, j are color indexes, and
the 〈g2sGG〉 is the gluon condensate [3], then carry out the integrals. In this article, we take into
account the leading-order perturbative contribution Π0µν(p1, p2) and gluon condensate contribution
ΠGGµν (p1, p2) in the operator product expansion.
2
The leading-order perturbative contribution Π0µν(p1, p2) can be written as
Π0µν(p1, p2) =
3eb
(2π)4
∫
d4k
Tr {γ5 [6k+ 6p2 +mb] γµ [6k+ 6p1 +mb] γν [6k +mc]}
[(k + p2)2 −m2b ] [(k + p1)
2 −m2b ] [k
2 −m2c ]
,
+
3ec
(2π)4
∫
d4k
Tr {γ5 [6k +mb] γν [6k−6p1 +mc] γµ [6k−6p2 +mc]}
[k2 −m2b ] [(k − p1)
2 −m2c ] [(k − p2)
2 −m2c ]
,
=
∫
ds1ds2
ρµν(s1, s2, q
2)
(s1 − p21)(s2 − p
2
2)
. (8)
We put all the quark lines on mass-shell using the Cutkosky’s rule, and obtain the leading-order
perturbative spectral density ρµν(s1, s2, q
2),
ρµν(s1, s2, q
2) = −
3ieb
(2π)3
∫
d4kδ
[
(k + p2)
2 −m2b
]
δ
[
(k + p1)
2 −m2b
]
δ
[
k2 −m2c
]
Tr {γ5 [6k+ 6p2 +mb] γµ [6k+ 6p1 +mb] γν [6k +mc]}
−
3iec
(2π)3
∫
d4kδ
[
(k − p2)
2 −m2c
]
δ
[
(k − p1)
2 −m2c
]
δ
[
k2 −m2b
]
Tr {γ5 [6k +mb] γν [6k−6p1 +mc] γµ [6k−6p2 +mc]}
= −
3ebǫµναβp
α
1 p
β
2
4π2
√
λ(s1, s2, q2)
{
mb +
(mb −mc)(s1 + s2 − q
2 + 2m2b − 2m
2
c)q
2
λ(s1, s2, q2)
}
−
3ecǫµναβp
α
1 p
β
2
4π2
√
λ(s1, s2, q2)
{
mc +
(mc −mb)(s1 + s2 − q
2 + 2m2c − 2m
2
b)q
2
λ(s1, s2, q2)
}
,(9)
λ(a, b, c) = a2+b2+c2−2ab−2bc−2ca, where we have used the formulae presented in Refs.[10, 16]
to carry out the integrals.
We calculate the gluon condensate contribution directly and obtain the following expression,
ΠGGµν (p1, p2) =
iebǫµναβ
4π2
〈
αsGG
π
〉
{
−m2bmc
(
I141 + I411
)
pα1 p
β
2
+m2b(mc −mb)
(
I
α
141 + I
α
411
)
qβ −m3cI114p
α
1 p
β
2 +m
2
c(mc −mb)I
α
114q
β
−mbI
α
131p
β
1 +mbI
α
311p
β
2 −mcI113p
α
1 p
β
2 +mcI
α
113q
β
}
+
iebǫµναβ
24π2
〈
αsGG
π
〉
{
(mb −mc)
(
I
α
221 + I
α
212
)
qβ +mc
(
I221 + I212
)
pα1 p
β
2
−2mbI
α
122p
β
2 − 3(mb −mc)I
α
122q
β − 3mcI122p
α
1 p
β
2
}
+
iecǫµναβ
4π2
〈
αsGG
π
〉
{
−m2cmb
(
J141 + J411
)
pα1 p
β
2
+m2c(mb −mc)
(
J
α
141 + J
α
411
)
qβ −m3bJ114p
α
1 p
β
2 +m
2
b(mb −mc)J
α
114q
β
−mcJ
α
131p
β
1 +mcJ
α
311p
β
2 −mbJ113p
α
1 p
β
2 +mbJ
α
113q
β
}
+
iecǫµναβ
24π2
〈
αsGG
π
〉
{
(mc −mb)
(
J
α
221 + J
α
212
)
qβ +mb
(
J221 + J212
)
pα1 p
β
2
−2mcJ
α
122p
β
2 − 3(mc −mb)J
α
122q
β − 3mbJ122p
α
1 p
β
2
}
, (10)
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where
Iijn =
∫
d4k
1
[(k + p1)2 −m2b ]
i
[(k + p2)2 −m2b ]
j
[k2 −m2c ]
n
,
I
α
ijn =
∫
d4k
kα
[(k + p1)2 −m2b ]
i
[(k + p2)2 −m2b ]
j
[k2 −m2c ]
n
,
J ijn =
∫
d4k
1
[(k + p1)2 −m2c ]
i [(k + p2)2 −m2c ]
j [k2 −m2b ]
n ,
J
α
ijn =
∫
d4k
kα
[(k + p1)2 −m2c ]
i
[(k + p2)2 −m2c ]
j
[k2 −m2b ]
n . (11)
We take quark-hadron duality below the threshold s01 and s
0
2 in the channels B
∗
c and Bc,
respectively, perform double Borel transform with respect to the variables P 21 = −p
2
1 and P
2
2 = −p
2
2,
respectively, and obtain the QCD sum rule for the electromagnetic form-factor V (q2),
V (q2) =
(MB∗c +MBc)(mb +mc)
fB∗c fBcMB∗cM
2
Bc
exp
(
M2B∗c
M21
+
M2Bc
M22
)
{
3eb
4π2
∫ s0
1
(mb+mc)2
ds1
∫ s0
2
(mb+mc)2
ds2
C√
λ(s1, s2, q2)
exp
(
−
s1
M21
−
s2
M22
)
[
mb +
(mb −mc)(s1 + s2 − q
2 + 2m2b − 2m
2
c)q
2
λ(s1, s2, q2)
]
||b(s1,s2,q2)|≤1
+
3ec
4π2
∫ s0
1
(mb+mc)2
ds1
∫ s0
2
(mb+mc)2
ds2
C√
λ(s1, s2, q2)
exp
(
−
s1
M21
−
s2
M22
)
[
mc +
(mc −mb)(s1 + s2 − q
2 + 2m2c − 2m
2
b)q
2
λ(s1, s2, q2)
]
||c(s1,s2,q2)|≤1
}
−
(MB∗c +MBc)(mb +mc)M
2
1M
2
2
fB∗c fBcMB∗cM
2
Bc
〈
αsGG
π
〉 exp
(
M2B∗c
M21
+
M2Bc
M22
)
{
ebm
2
b
4π2
[
mc
(
I1410 + I
411
0
)
+ (mc −mb)
(
I14110 + I
141
01 + I
411
10 + I
411
01
)]
+
ebm
2
c
4π2
[
mcI
114
0 + (mc −mb)
(
I11410 + I
114
01
)]
−
ebmb
4π2
(
I13101 + I
311
10
)
+
ebmc
4π2
(
I1130 + I
113
10 + I
113
01
)
+
eb(mb −mc)
24π2
(
I22110 + I
221
01 + I
212
10 + I
212
01
)
+
ebmb
12π2
I12210 −
eb(mb −mc)
8π2
(
I12210 + I
122
01
)
−
ebmc
24π2
(
I2210 + I
212
0 − 3I
122
0
)
+
ecm
2
c
4π2
[
mb
(
J1410 + J
411
0
)
+ (mb −mc)
(
J14110 + J
141
01 + J
411
10 + J
411
01
)]
+
ecm
2
b
4π2
[
mbJ
114
0 + (mb −mc)
(
J11410 + J
114
01
)]
−
ecmc
4π2
(
J13101 + J
311
10
)
+
ecmb
4π2
(
J1130 + J
113
10 + J
113
01
)
+
ec(mc −mb)
24π2
(
J22110 + J
221
01 + J
212
10 + J
212
01
)
+
ecmc
12π2
J12210 −
ec(mc −mb)
8π2
(
J12210 + J
122
01
)
−
ecmb
24π2
(
J2210 + J
212
0 − 3J
122
0
)}
, (12)
= ebV1(q
2) + ecV2(q
2) , (13)
4
where
b(c1, c2, q
2) =
2s1(s2 +m
2
c −m
2
b)− (s1 + s2 − q
2)(s1 +m
2
c −m
2
b)√
λ(s1, s2, q2)λ(s1,m2c ,m
2
b)
,
c(c1, c2, q
2) =
2s1(s2 +m
2
b −m
2
c)− (s1 + s2 − q
2)(s1 +m
2
b −m
2
c)√
λ(s1, s2, q2)λ(s1,m2c ,m
2
b)
,
C =
√
4παCs
3v1
[
1− exp
(
−
4παCs
3v1
)]−1√
4παCs
3v2
[
1− exp
(
−
4παCs
3v2
)]−1
,
v1 =
√
1−
4mbmc
s1 − (mb −mc)2
,
v2 =
√
1−
4mbmc
s2 − (mb −mc)2
,
(14)
the explicit expressions of the Iijn0 , I
ijn
10 , I
ijn
01 , J
ijn
0 , J
ijn
10 , J
ijn
01 are presented in the appendix. For
the heavy quarkonium states B∗c and Bc, the relative velocities of quark movement are small, we
should account for the Coulomb-like
αCs
v
corrections. After taking into account all the Coulomb-like
contributions shown in Fig.1, we obtain the coefficient C to dress the quark-meson vertex [7, 8].
At the recoil momentum close to zero, the heavy quark velocities are small below the thresholds
s01 and s
0
2, the ladder Feynman diagrams shown in Fig.1 are calculated in the nonrelativistic
approximation, and result in the coefficient C to dress the quark-meson vertex. In our previous
work on the two-point QCD sum rules for the B∗c mesons [17], we observed that the perturbative
O(αs) corrections to the leading-order spectral density ρ0(s) can be approximated by ρ0(s)
2παCs
3v
with the assumption αCs = αs(µ), and accounted for all the Coulomb-like contributions (or all the
perturbative corrections approximately) by multiplying the ρ0(s) with the coefficient C,
C =
4παCs
3v
1
1− exp
(
−
4παCs
3v
) = 1 + 2παCs
3v
+
1
12
(
4παCs
3v
)2
−
1
720
(
4παCs
3v
)4
+ · · · . (15)
In the case of the three-point QCD sum rules, the perturbative O(αs) corrections to the leading
order spectral densities are available only for the electromagnetic form-factors of the π and ρmesons
[18], we expect to approximate the perturbative O(αs) corrections by multiplying the leading order
spectral densities with
παCs
3v1
+
παCs
3v2
, and take into account all the Coulomb-like interactions (or all the
perturbative corrections approximately) by multiplying the leading order spectral densities with
the coefficient C [7, 8]. Direct but formidable calculations of the perturbative corrections are still
needed to validate or invalidate the present approximation. In the region of physical resonances,
the most essential effect comes from the normalization factor C. In the case of the two-point sum
rules, the normalization factor C leads to a double-triple multiplication of the tree-level value of
the spectral densities numerically [19]. The coefficient C survives beyond the zero recoil limit, or
at least serve as upper bounds on the form-factors in the QCD sum rules [7, 8]. In this article, we
take the approximation αCs = αs(µ) in numerical calculation as in our previous work [17].
In the physical region q2 = 0, the constraints |b(c1, c2, 0)| ≤ 1 and |c(c1, c2, 0)| ≤ 1 lead to the
inequations,
− 1 ≤
s1 + (m
2
b −m
2
c)√
λ(s1,m21,m
2
2)
≤ 1 ,
−1 ≤
s1 + (m
2
c −m
2
b)√
λ(s1,m21,m
2
2)
≤ 1 , (16)
5
Figure 1: The ladder Feynman diagrams for the Coulomb-like interactions.
those constraints cannot be satisfied. In this article, we calculate the electromagnetic form-factors
V1(q
2) and V2(q
2) at the space-like regionQ2 = −q2 = (1.0−5.4)GeV2, then fit the electromagnetic
form-factors with suitable analytical functions, and obtain the value V (0) by analytically continuing
the variable q2 to the physical region.
3 Numerical results and discussions
The pseudoscalar mesons Bc have been studied by the full QCD sum rules [5, 6, 20, 21] and the
potential approach combined with the QCD sum rules [11, 22], while the vector mesons B∗c have
been studied by the full QCD sum rules [6, 17, 21]. The predictions for the masses and decay
constants are fBc = (0.383 ± 0.027)GeV [5]; fB∗c ≈ fBc = (360 ± 60)MeV, MBc ≈ 6.35GeV [6];
fBc = (460 ± 60)MeV [11]; fB∗c = (0.384 ± 0.032)GeV, MB∗c = (6.337 ± 0.052)GeV [17]; fBc =
(300± 65)MeV, MBc = (6.25± 0.20)GeV [20]; fBc = (566± 28)MeV, fB∗c ≈ (0.346± 0.025)GeV,
MBc ≈ (6.969 ± 0.18)GeV, MB∗c ≈ (6.855 ± 0.18)GeV [21]. The predictions for the mass MBc
are consistent with (or much larger than) the average value MBc = (6.277± 0.006)GeV listed in
the Review of Particle Physics [23], while the predictions for the decay constant fBc vary in large
ranges.
The values of the decay constants from other theoretical calculations also vary in large ranges,
fB∗c = fBc = 500MeV, 512MeV, 479MeV and 687MeV from the Buchmuller-Tye potential, power-
law potential, logarithmic potential and Cornell potential, respectively [12]; fB∗c = fBc = 517MeV
from the Richardsons potential [13]; fBc = 433MeV and fB∗c = 503MeV from the relativistic
quark model with an special potential [14]; fBc = (410 ± 40)MeV from the relativized quark
(Godfrey-Isgur) model [15]; fBc = (420 ± 13)MeV from the lattice non-relativistic QCD [24];
fBc = (395 ± 15)MeV from the QCD-motivated potential model [25]; fB∗c = fBc = 315
+26
−50MeV
from the shifted N -expansion method [26]; fBc = 377MeV (360MeV, 440MeV), fB∗c = 398MeV
(387MeV, 440MeV) from the light-front quark model [27]([28],[29]); fB∗c = (453± 20)MeV, fBc =
(438±10)MeV from the field correlator method [30]; fBc = (322±42)MeV, fB∗c = (418±24)MeV
from the Bethe-Salpeter equation [31].
Although the values of the decay constants vary in large ranges, some theoretical calculations
indicate that the decay constants have the relation fB∗c ≈ (or =)fBc [6, 12, 13, 26, 27, 28, 29, 30].
In the early work [32], Gershtein and Khlopov obtained a simple relation fij ∝ mi +mj for the
decay constant fij of the pseudoscalar meson having the constituent quarks i and j, such simple
relation does not work well enough for both the light and heavy quarks. In this article, we choose
the values fB∗c = 0.384GeV, MB∗c = 6.337GeV from the recent analysis based on the QCD sum
rules [17], fBc = 395MeV from the QCD-motivated potential model [25], MBc = 6.277GeV from
the Particle Data Group [23]. The decay constants have the relation fB∗c ≈ fBc , the masses have
the splitting MB∗c −MBc = 60MeV. The uncertainties of the electromagnetic form-factor V (q
2)
originate from the decay constants can be estimated as
δfB∗c
fB∗c
+
δfBc
fBc
. The calculations based on
the nonrelativistic renormalization group indicate that MBc(1−) −MBc(0−) = (50 ± 17
+15
−12)MeV
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Figure 2: The electromagnetic form-factors V1(q
2 = −1GeV2) and V2(q
2 = −1GeV2) with
variations of the Borel parameters M21 and M
2
2 .
[33], the mass MB∗c = 6.337GeV from the QCD sum rules is satisfactory. Accordingly, we take the
threshold parameters and Borel parameters as s01 = s
0
2 = (45± 1)GeV
2, M21 =M
2
2 = (5− 7)GeV
2
from the QCD sum rules [17].
The value of the gluon condensate 〈αsGG
π
〉 has been updated from time to time, and changes
greatly, we use the recently updated value 〈αsGG
π
〉 = (0.022±0.004)GeV4 [34]. For the heavy quark
masses, we take the MS masses mc(m
2
c) = (1.275± 0.025)GeV and mb(m
2
b) = (4.18± 0.03)GeV
from the Particle Data Group [23], and take into account the energy-scale dependence of the MS
masses from the renormalization group equation,
mc(µ
2) = mc(m
2
c)
[
αs(µ)
αs(mc)
] 12
25
,
mb(µ
2) = mb(m
2
b)
[
αs(µ)
αs(mb)
] 12
23
,
αs(µ) =
1
b0t
[
1−
b1
b20
log t
t
+
b21(log
2 t− log t− 1) + b0b2
b40t
2
]
, (17)
where t = log µ
2
Λ2 , b0 =
33−2nf
12π , b1 =
153−19nf
24π2 , b2 =
2857− 5033
9
nf+
325
27
n2f
128π3 , Λ = 213MeV, 296MeV
and 339MeV for the flavors nf = 5, 4 and 3, respectively [23]. In this article, we take the typical
energy scale µ = 2GeV as in Ref.[17].
In Fig.2, we plot the electromagnetic form-factors at q2 = −Q2 = −1GeV2 with variations of
the Borel parametersM21 andM
2
2 . From the figure, we can see that the values are rather stable with
variations of the Borel parameters. In calculations, we observe that 0.0001 ≤ exp(−
s0
1
M2
1
) ≤ 0.00186
and 0.0001 ≤ exp(−
s0
2
M2
2
) ≤ 0.00186, the contributions from high resonances and continuum states
are greatly suppressed, furthermore, the contributions from the gluon condensate are of minor
importance, the operator product expansion is well convergent.
We take into account all the uncertainties come from the input parameters, such as the heavy
7
quark masses, threshold parameters, Borel parameters, . . . , obtain numerical values of the elec-
tromagnetic form-factors V1(Q
2), V2(Q
2) and V (Q2) from Eqs.(12-13), and show them explic-
itly in Figs.3-4. We express the electromagnetic form-factors in the standard form f(Q2) =
f(Q2) ± δf(Q2) numerically, where the f(Q2) denotes the electromagnetic form-factors V1(Q
2),
V2(Q
2), V (Q2), the f(Q2) denotes the central values, and the δf(Q2) denotes the uncertain-
ties, then fit the numerical values of the V1(Q
2), V2(Q
2) at Q2 = (1 − 5.4)GeV2 and V (Q2) at
Q2 = (1 − 4.2)GeV2 into the following analytical functions,
V1(Q
2) =
A
1 +BQ2
,
V2(Q
2) =
C
1 +DQ2 + EQ4
exp
(
−FQ2
)
, (18)
V (Q2) = G exp
(
−HQ2
)
+ T , (19)
with the MINUIT, and determine the parameters,
A = 2.8905± 0.45717 ,
B = 0.056340± 0.056316GeV−2 ,
C = 10.978± 10.369 ,
D = 0.20611± 0.94270GeV−2 ,
E = 0.017546± 0.55116GeV−4 ,
F = 0.44543± 1.4035GeV−2 ,
G = 7.0807± 1.8756 ,
H = 0.67821± 0.22875GeV−2 ,
T = −0.66869± 0.35949 . (20)
From Figs.3-4, we can see that the fitted functions can reproduce the central values of the form-
factors at large ranges Q2 = (1 − 10)GeV2, and the fitted functions V1(Q
2), V2(Q
2) and V (Q2)
work well.
We continue the Q2 to the physical region Q2 = 0 analytically to obtain the physical electro-
magnetic form-factor V (0),
V (0) = 6.35517± 6.91435 from Eq.(18) ,
= 6.41201± 1.90974 from Eq.(19) . (21)
The curve of the fitted function V2(Q
2) is very steep, the value V2(0) = 10.978± 10.369 has too
large uncertainty, the resulting uncertainty of the V (0) is also too large, we discard the value
V (0) = 6.35517± 6.91435. On the other hand, the value V (0) = 6.41201± 1.90974 from Eq.(19)
has much smaller uncertainty, i.e. less than 30%. We take the value V (0) = 6.41201 ± 1.90974,
and obtain the radiative decay width,
Γ(B∗c → Bcγ) =
α|V (0)|2
(
MB∗c +MBc
) (
MB∗c −MBc
)3
24M3B∗c
= 133.9+91.6−67.9 eV (133.9± 79.7 eV) , (22)
where the fine constant α = 1137 , the asymmetric uncertainty comes from the formula V
2(0)−V
2
(0),
while the symmetric uncertainty in the bracket comes from the approximation V 2(0) − V
2
(0) ≈
±2V (0)δV (0) with V (0) = V (0) ± δV (0). From Eq.(22) we can see that the decay width is
sensitive to the mass splitting MB∗c − MBc as Γ(B
∗
c → Bcγ) ∝ (MB∗c − MBc)
3. The present
prediction Γ(B∗c → Bcγ) = 133.9
+91.6
−67.9 eV (133.9± 79.7 eV) is compatible with previous values
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Figure 3: The electromagnetic form-factors V1(Q
2) and V2(Q
2), where the ”Fitted curve” denotes
the central values of the fitted functions.
60 eV from the nonrelativistic potential [11], 134.5 eV from non-relativistic potential model [12],
59 eV from Richardsons potential [13], 33 eV from the relativistic quark model with an special
potential [14], 80 eV from the relativized quark (Godfrey-Isgur) model [15]. In Ref.[10], we have
used a larger decay constant fB∗c = 0.79GeV rather than 0.384GeV, the smaller decay constant
fB∗c = 0.384GeV leads to the semileptonic decay widths Γ(B
∗
c → ηcℓν¯ℓ) ∼ 10
−5 eV. The branching
fractions of the semileptonic decays B∗c → ηcℓν¯ℓ are of the order 10
−7 ∼ 10−6, which supports that
the dominant decay model is B∗c → Bcγ. We can search for the B
∗
c mesons using the decay cascades
B∗±c → B
±
c γ → J/ψℓ
±ν¯ℓγ → µ
+µ−ℓ±ν¯ℓγ.
4 Conclusion
In this article, we calculate the B∗c → Bc electromagnetic form-factor with the three-point QCD
sum rules, and obtain the numerical values for the form-factor at momentum transfer Q2 = −q2 =
(1.0− 5.4)GeV2, then fit the form-factors to analytical functions to obtain the physical value, and
study the radiative decays B∗±c → B
±
c γ. We expect to study the radiative transitions using the
decay cascades B∗±c → B
±
c γ → J/ψℓ
±ν¯ℓγ → µ
+µ−ℓ±ν¯ℓγ in the future at the LHCb.
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Appendix
The explicit expressions of the Iijn0 , I
ijn
10 , I
ijn
01 , J
ijn
0 , J
ijn
10 , J
ijn
01 ,
iIijn0 = B−p21→M21B−p22→M22 Iijn
= BP 2
1
→M2
1
BP 2
2
→M2
2
(−1)i+j+ni
Γ(i)Γ(j)Γ(n)
∫
d4K
∫ ∞
0
dαdβdγαi−1βj−1γn−1
exp
{
−α(K + P1)
2 − β(K + P2)
2 − γK2 − αm2b − βm
2
b − γm
2
c
}
=
(−1)i+j+niπ2
Γ(i)Γ(j)Γ(n)(M21 )
i(M22 )
j(M2)n−2
∫ 1
0
dλ
λ1−i−j
(1 − λ)n−1
exp
{
−
(1 − λ)Q2
λ(M21 +M
2
2 )
−
m2b
λM2
−
m2c
(1− λ)M2
}
=
(−1)i+j+niπ2
Γ(i)Γ(j)Γ(n)(M21 )
i(M22 )
j(M2)n−2
∫ ∞
0
dτ(τ + 1)i+j+n−4τ1−i−j
exp
{
−
1
τ
(
Q2
M21 +M
2
2
+
m2b
M2
)
−
m2b +m
2
c
M2
− τ
m2c
M2
}
, (23)
iIµijn = B−p21→M21B−p22→M22 I
µ
ijn
=
(−1)i+j+n+1iπ2
Γ(i)Γ(j)Γ(n)(M21 )
i+1(M22 )
j(M2)n−3
∫ ∞
0
dτ(τ + 1)i+j+n−3τ1−i−j
exp
{
−
1
τ
(
Q2
M21 +M
2
2
+
m2b
M2
)
−
m2b +m
2
c
M2
− τ
m2c
M2
}
pµ1
+
(−1)i+j+n+1iπ2
Γ(i)Γ(j)Γ(n)(M21 )
i(M22 )
j+1(M2)n−3
∫ ∞
0
dτ(τ + 1)i+j+n−3τ1−i−j
exp
{
−
1
τ
(
Q2
M21 +M
2
2
+
m2b
M2
)
−
m2b +m
2
c
M2
− τ
m2c
M2
}
pµ2
= iIijn10 p
µ
1 + iI
ijn
01 p
µ
2 , (24)
10
J ijn0 = I
ijn
0 |mb↔mc ,
J ijn10 = I
ijn
10 |mb↔mc ,
J ijn01 = I
ijn
01 |mb↔mc ,
M2 =
M21M
2
2
M21 +M
2
2
, (25)
where we have used the Borel transform BP 2→M2 exp(−αP
2) = δ(1 − αM2). Those analytical
expressions are slightly different from that obtained in Ref.[7], they are both correct.
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